existence is that of Bestehen (obtaining), whereas in the case of non-elementary Sätze the services of truth-makers can be dispensed with, owing to the truth-functional nature of the dependencies on elementary propositions. Other choices were those of Russell, who opted for complexes as truth-makers, and of Brentano, who used judgements as primary truth-bearers and their objects as truth-makers.
Given this variety of options, one cannot expect to be able to make a large number of general claims about the truth-maker analysis. In particular, one should stress that the truth-maker scheme (*) is completely neutral with respect to the properties of truth: whether, for instance, truth is a bivalent notion, will depend on what further properties hold for existence and the relation of truthmaking.
A substantial general point that can be made is the meaning-theoretical observation that when sentence meaning is given in terms of truth conditions, and the latter are provided via the scheme (*), either the notion of existence or the relation of truth-making has to be non-propositional in character, on pain of a vicious infinite regress of ever-descending meaning explanations, much along the same lines as that offered by Frege for truth in Der Gedanke. In the case of Wittgenstein's Tractarian theory, for example, both notions are clearly not prepositional: the relation between a(n elementary) proposition and the Sachverhalt it presents is an internal one, and hence can only be shown, but cannot be said, whereas the notion of Bestehen clearly is not expressed by the existential quantifier (which is explained using the truth-condition for an existentially quantified prepositional function).
In the proof-theoretical conception of semantics the sort of truth-maker chosen, obviously, is that of proof, so that one can state the truth-maker scheme in the following way:
A is true (**) there exists a proof for A.
Both the notion of proof, however, and the concomitant notion of existence, require considerable elaboration in order to get something like a proof-theoretical semantics off the ground. 'Proofs' mainly get spoken about in mathematics, but also in legal contexts: the etymology of the English word proof'is different from the word for proofs in other European languages. 'Proof' derives from the Latin verb probare, and sometimes, therefore, means test. The words Beweis (German), bewijs (Dutch), bevis (Swedish), démonstration (French), on the other hand, all derive from the same stem as the English demonstration, and philosophically it is often more illuminating to consider the latter word. The OED offers the relevant meaning:
The action or process of demonstrating or making evident by reasoning.
Thus in this sense, proofs are acts, mental acts, as Brouwer rightly held. That through which I get to know something is an act of knowing, a process of knowledge acquisition. Normally one would not apply the notion of existence to an act, so the only reasonable candidate for act-existence seems to be the notion of performance. This, however, would serve to make truth very much a tensed notion: a proposition is true only when it is being proved. The ensuing temporality, however is in flat contradiction with the traditionally recognized atemporality, or 'eternity', of truth. One might try to avoid this uncomfortable conclusion by saying that a proposition is true when it has been proved, so that truths once established stay true. Brouwer, indeed, allows for no "nonexperienced" truths. This conception of truth, truth beheld, is still a temporal one, though, of course, temporally stable: prior to a certain moment it has not been proved and thereafter it has been proved. Traditionally, acts are associated with their objects. Proofs are acts of knowing, so the object of a proof act is an object of knowledge, or, in Kantian terminology, an Erkenntnis. On the other hand, an act of getting to know, traditionally, is an act of judgement and its object the judgement made. The word 'theorem' is sometimes reserved for what is proved by an act of mathematical proof. Are the theorems propositions? In one traditional sense they are, and in another modern sense they are not. Traditionally, a proposition is something that is propounded; assertoric force is clearly present. This terminology still survives within mathematics, where theorems are called propositions. In this traditional sense, then, propositions belong on the level of judgements and assertions. Looking at the standard traditional philosophical usage, it appears that 'judgement' and 'proposition' are commonly used for the mental product of the mental act of proof or knowing, whereas 'assertion' seems to be reserved mainly for the outward sign or token used to make public the result of the act. So in one, traditional, sense 'proposition' seems to mean the same as 'judgement', or, if not the same, at least something very closely related to it as an external sign of the mental object of knowledge. ' What is the form of a judgement? In the tradition, two-term judgements of the form subject/copula/predicate, SisP, were used. From 1837, that is, from Bolzano onwards, the form proposition A is true has become current, and, in particular, it has been considered by Bolzano, Frege, Russell, Wittgenstein, and, through mathematical logic, all of modern analytical philosophy. Bolzano and Frege used Satz an sich and Gedanke, respectively, and the term proposition is Russell's translation of the Fregean Gedanke. Thus propositions are now, in the modern sense, no longer judgements, but judgemental contents.
To sum up: Proofs are acts of knowledge and the object of an act of proof is a judgement made, assertion, theorem (where the terminology depends on what aspects one wants to emphasize). The form of a judgement made is /•***\ A is true, where A is a proposition that serves as content of the judgement in question. Application of the truth-maker analysis in terms of proof yields (·) there exists a proof of A as the form of judgement. This hardly makes sense at this stage, since the proofs we have hitherto considered are acts of proof with judgements as their object. In (·), the proposition A is not a judgement, but the content of a judgement, and thus not the object of a proof-act: the whole judgement there exists a proof of A, when made, rather than merely its content A, has to be the object of a proof-act, whence the formulation (·) appears a category mistake. Brouwer's view that proofs are mental acts, or constructions, does not provide a suitable truth-maker analysis and it was left to his pupil Arend Heyting to introduce the required notions. He did this as part of decisive contributions to an otherwise confused debate concerning the proper interpretation of the formal calculi that he had introduced in earlier work concerning, for instance, intuitionistic propositional calculus. In other words, Heyting provided an intuitionistic answer to the question What is a proposition? just as Frege had provided a classical (realist) answer to the same question. Frege's answer was: a proposition (Gedanke) is a way of presenting one of the two truth values The True and The False, or, indeed, a condition determining a truth-value. Heyting, on the other hand, could not use this knowledge-independent notion of truth value and formulated his analysis in terms of proofs and constructions. According to him:
Une proposition p, comme, par example, "la constante d'Euler, est rationelle"; exprime un problème, ou mieux encore une certaine attente (celle de trouver deux entiers α et b tels que C = a/b), qui pourra être réalisée ou déçue. In brief, Heyting's position, as set out in the above quotes, is the following: I) Mathematical propositions/problems are individuated in terms of what counts as their proofs, that is, the meaning of a mathematical sentence is explained through laying down what is to count as a proof of the proposition expressed by the sentence in question.
II) Proofs of propositions are constructions.
ΙΠ) Constructions are mathematical objects.
IV) When fully explicit, a mathematical assertion (theorem, judgement) takes the form:
Construction c is a proof of proposition A.
The word 'construction', is of course heavily process/product, act/object ambiguous, between the act of construction and the construction-object constructed in, or through, the act. Furthermore, the construction-procedure, or recipe, according to which the act is carried out is sometimes also known as a construction. Thus 'proof-object' seems an apposite term to apply to the mathematical construction-objects that have to be exhibited in order to have the right to make a mathematical assertion, that is, to judge the truth of a proposition. When b is a proof-object for B, j (a) is a proof-object for AvB. (iii) When b(x) is a proof-object for B, provided χ is a proof-object for A, Xxb(x) is a proof-object for Az>B. (iv) When P(x) is a prepositional function over the set D and b(x) is a proofobject for P(x), provided xeD, then Xx.b(x) is a proof-object for (Vx€D)P(x). (v) When P(x) is a propositional function over the set D, ae D, and b is a proofobject for P(a), <a,b> is a proof-object for (3xe D)P(x). These formulations are not taken from Heyting, but are inspired by formulations current in the Intuitionistic Type Theory of Per Martin-Löf. 6 In the sequel, I shall sometimes use a: a as a notation for the assertion (judgement) a is an object of type a.
In particular, when the type in question is that of proof-objects of proposition A, I shall write a:A One conceptual refinement is called for at this point: the proof-object introduced in the antecedent clauses of the above explanations are canonical (Dummett), or direct (Gentzen), proofs of the proposition in question. The above direct proof-objects are all of the Gentzen introduction form. It is a commonplace that not all proofs need to be cast in this form; for instance, a proof of a conjunction, the last inference of which is an instance of modus ponens, that is, implication elimination, will obviously not be in introduction form.
The well-known elimination rules provide straightforward examples of ways for obtaining non-canonical proof-objects. Thus, for instance, when c is a proof-object for A&B, p(c) is a proof-object for A and q(c) is a proof-object for B. The main property of the projections p and q is given by the two evaluation rules p(<a,b>)=a : A q(<a,b>)=b : B.
The distinction between canonical and non-canonical presentations of proof-objects corresponds exactly to the distinction between numerals and other numerical terms: the numerals are canonical presentations in terms of which the set of Natural numbers is introduced. Obviously other ways of presenting objects in this set are also necessary and notations for primitive recursive numerical functions, etc. are introduced, and used to build various numerical terms, where the recursion equations for the functions in question serve to give a notion of definitional equality between the terms. For example, (3!+4)/2 is a noncanonical (way of presenting a) number. This number can also be given canonically as 5. 7 In the same way, Prawitz-type reduction steps on proofs provide a notion of equality between canonical and non-canonical proof-objects. Dummett has emphasized that this distinction between canonical and noncanonical proofs of propositions is needed also in order to resolve the "paradox of inference," that is, in order to be able to account for the validity as well as the epistemological usefulness of logic as a tool of reasoning. 9 The epistemological usefulness of logic arises from the fact that logical inference provides other means than the directly meaning-given means for verifying the truth of a proposition. For instance, the direct, meaning-given means of getting to know the truth of the proposition Göran Sundholm has got six florins in his pocket is to count, but one could also find out the truth of this through a chain of inferences; I began the day with, say, a 25 fl. note, have made such and such purchases, totalling, by the rules of arithmetic, such and such a sum, each time receiving such and such change, where the only possible distribution, given the Dutch coinage, contains six coins of worth one guilder. Logic is epistemically useful because it provides indirect means for recognizing the truth of a proposition over and above the directly meaning-given means.
If meaning is given in terms of proofs, that is, means of coming to know the truth of the sentence in question, then clearly, the meaning-giving means are included in the meaning-given means for coming to know the truth. Furthermore, the meaning-given means then seem to encompass all the means there are for the recognition of truth. The required gap between direct, meaninggiven, and indirect, logical means is then closed. The distinction between canonical proof-objects, in terms of which meaning is given, and other, non-canonical proof-objects, allows us to hold this gap open.
On this intuitionistic meaning-analysis the truth-maker is a mathematical construction-object and the relation of truth-making is that of the construction's being a proof-object for the proposition in question. The relevant notion of existence still remains to be dealt with. When α is a general concept (type, sort, category, etc.), so that a : α is a form of judgement, one can introduce yet another form of judgement, nameiy α EXISTS.
In general, in order to explain a form of judgement, one has to lay down what one has to know in order to make a judgement of the form in question. The required knowledge in the present case is that one has to know some particular judgement of the form a: a.
that is, the rule a : α α EXISTS provides the only way of asserting the judgement α EXISTS.
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One should stress that it is only here, at this late stage, that the logic of proof-theoretical semantics becomes intuitionistic: owing to the use of this judgemental notion of EXISTENCE, we are not able to assert the Law of Bivalence. The proof-theoretical semantics itself, that is, the proof-object clauses given, are perfectly neutral with respect to the properties of the notion of truth, just in the same way that the Tarski T-sentences are completely neutral with respect to classical versus intuitionistic logic. 11 Indeed, as Troelstra and van Dalen observe, using enough classical reasoning, and a classical notion of existence, the proposition A becomes equivalent to the existence of a proof-object for A, and thus the semantics in itself has no "explanatory power": the possibility of recognizing a classically valid schema as being constructively unacceptable depends entirely on our interpretation of "construction", "function", "operation".
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Using the notion of EXISTENCE we see that on the intuitionistic analysis the Bolzano form of judgement A is true is brought back to, or is a special case of, the traditional form of judgement S is P in the form of a: A, through the use of the intermediary form A EXISTS. 13 Returning once more to the act/object terminology, we can now see that the object of an act of proof is not a proof-object, but the judgement proved. The proof-object, or construction-object, on the other hand, is the object of an act of construction.
14 The notion of identity for propositions is notoriously a difficult one: Quine, indeed, has based his rejection of analyticity, modality, and second-order quantification, on the lack of a viable criterion of identity for propositions. "No entity without identity" is the slogan offered here. Frege continued to address this issue from his very first philosophical writings onwards. In the Begriffsschrifl, §3, he observes that Inhalte (contents) of judgements, that is, propositions, can differ in two ways: erstens so, dass die Folgerungen, die aus einem in Verbindung mit bestimmten anderen gezogen werden können, immer auch aus dem zweiten in Verbindung mit denselben anderen Urtheilen folgen; zweitens so, dass dies nicht der Fall ist....
Ich nenne nun denjenigen Theil des Inhaltes, der [in der ersten
Weise] in beiden derselbe ist, den begrifflichen Inhalt. Da nur dieser für die Begriffsschrift von Bedeutung ist, so braucht sie keinen Unterschied zwischen Sätzen zu machen, die denselben begrifflichen Inhalt haben.
The relevant inference condition between equal judgemental contents A and B is thus the following: every judgement J that can be inferred from the judgements J|, . . ., Jfc and the judgement that ascribes truth to the content A, can also be inferred from the judgements Jj,..., J^ and the judgement that ascribes truth to the content B, and vice versa. At the conclusion of my analysis I shall return to this formulation, but for the moment I confine myself to the observation that the criterion for the identity of contents is given through consideration of what epistemic attitudes have to be taken towards certain contents, given that certain attitudes have already been adopted towards certain other contents.
It is interesting to note that according to his own outline, Frege's first attempted Logik halts precisely at the point where the beurteilbare Inhalte, that is, propositional contents of judgements, should have been brought in connection with Schlüsse, that is, at the precise point where one could expect a detailed treatment of the above summary Begriffsschrift-cntenon for the identity of propositions. 15 In Über Sinn und Bedeutung a criterion for sameness of sentential sense, that is, for sameness of thoughts expressed, is offered in terms of cognitive equipollency:
Ersetzen wir nun [im Satze] ein Wort durch ein anderes von derselben Bedeutung, aber anderen Sinne, so kann dies auf die Bedeutung des Satzes keinen Einfluss haben. Nun sehen wir aber, dass der Gedanke sich in solchem Falle ändert; denn es ist z. B. der Gedanke des Satzes "der Morgenstern ist ein von der Sonne beleuchteter Körper" verschieden von dem des Satzes "der Abendstern ist ein von der Sonne beleuchteter Körper". Jemand, der nicht wüsste, dass der Abendstern der Morgenstern ist, könnte den einen Gedanken für wahr, den anderen für falsch halten. 16 Two propositions are, accordingly, different when it is possible to hold different epistemic attitudes towards them. In other words, two propositions are equal if it is not possible to hold one true and the other false, that is, if one holds the one true, one also must hold the other one true, and vice versa. Thus, also this Fregean formulation of propositional identity is yet again cast in terms of the necessity to adopt equal epistemic attitudes towards both contents.
In 1897, in the course of his second attempt at a Logik, Frege returns to the issue and offers the following:
Die Sätze "M gab dem N die Urkunde A", "die Urkunde A wurde von M dem N gegeben", "N empfing von M die Urkunde A" drücken genau denselben Gedanken aus; man erfahrt durch keinen dieser Sätze das geringste mehr oder weniger als durch die anderen. Daher is es auch unmöglich, dass einer von ihnen richtig und zugleich ein anderer falsch sei.... Auch in den beiden Sätzen "Friedrich der Grosse siegte bei Rossbach" und "es ist wahr, dass Friedrich der Grosse bei Rossbach siegte" haben wir denselben Gedanken bei verschiedener sprachlicher Form, wie schon oben gesagt worden ist. Indem wir den Gedanken des ersten Satzes bejahen, bejahen wir mit derselben Tat auch den Gedanken des zweiten und umgekehrt. Es sind nicht zwei verschiedene Urteilstaten, sondern nur eine. 17 Again, two thoughts are held to be equal when an affirmation of the one, eo ipso, is an affirmation of the other, and vice versa. Indeed, as Frege rightly notes, in such a case one does not get to know anything more, or less, from one, rather than the other.
In August, 1906, Frege returns once more to the difficult task of providing an Einleitung in die Logik. He begins his treatment of Gedanken without pausing for a criterion of identity and carries it through a number of relevant topics that are dealt with within a week according to the given dates. Shortly afterwards Husserl and Frege conduct an exchange by mail on the notion of propositional identity. The occasion is a survey article by Husserl on recent German work in logic and, in particular, the report there on an article by Marty. 18 Husserl made a distinction between 'congruent' and 'equipollent' declarative sentences, where congruence seems to mean syntactical identity and 'equipollence' cognitive equivalence. In the first letter under discussion, of '30.10 bis l.XI. 1906', Frege simply uses the notion of equipollence without further ado:
Man muss sich in der Logik dazu entschliessen, äquipoHente Sätze als nur der Form nach verschieden zu betrachten. ÄquipoHente Sätze haben, nachdem die behauptende Kraft, mit der sie etwa ausgesprochen sind, abgezogen ist, etwas gemeinsames im Inhalte, und dies nenne ich den von ihnen ausgedrückten Gedanke. Dieser kommt für die Logik allein in Betracht.
Furthermore he discusses the possibility of logical analyses and tries to convince Husserl that two particular sentences are equipollent on Husserl's reading of equipollence. The latter holds that equipollence means that the negations of the sentences in question have to be equivalent (gleichwertig). Frege tries to establish this using his truth-value analysis. In the course of so doing he remarks that his Begriffsschrift and its truth-table explanations are now 28 years old. This remark he repeats from the August notes towards an Introductory Logic and shows that the Husserl correspondence may be seen in connection with the Logic. 19 This impression is strengthened further through the occurrence in the letter of many of the same themes as in the notes, for instance, force, colouring, etc. A bipartite reply, XIX/4-5, of 10. 11 and 16.11,1906 , from Husserl to Frege, is lost, but Husserl did comment on, among other matters, equipollent sentences. 20 Frege, who had terminated his letter XIX/3 with:
Ich sehe wenigstens nicht, welches Kriterium da objektiv die Entscheidung geben sollte.
Ich finde aber, dass eine Frage, für deren Beantwortung es kein objektives Kriterium gibt, überhaupt in der Wissenschaft keine Stelle hat, clearly remained unsatisfied with what had been said until then concerning the criterion for prepositional identity, and having been able to draw breath for five weeks since his previous letter, comes back for a second round:
Es scheint mir ein objektive Kriterium notwendig zu sein, um einen Gedanken als denselben wiederzuerkennen, weil ohne ein solches eine logische Analyse nicht möglich ist. Um nun zu entscheiden, ob der Satz A denselben Gedanken ausdrücke wie der Satz B, scheint mir folgendes Mittel allein möglich zu sein, wobei ich annehme, dass keiner der beiden setze einen logisch evidenten Sinnbestandteil enthalte. Wenn nämlich sowohl die Annahme, dass der Inhalt von A falsch und der von B wahr sei, als auch der Inhalt von A wahr und der von B fasch sei, auf einen logischen Widerspruch führt, ohne dass man zu dessen Feststellung zu wissen braucht, ob der Inhalt von A oder der von B wahr oder falsch sei, und ohne dass man dazu andere als rein logischer Gesetze bedarf, so kann zum Inhalte von A, soweit er fällig ist, als wahr oder falsch beurteilt zu werden, nichts gehören, was nicht auch zum Inhalte von B gehörte; denn füre inen solchen Überschuss fehlte es an jeder Begründung im Inhalte von B, und der Voraussetzung nach wäre ein solcher Über-schuss auch nicht logisch evident. Ebenso kann bei unserer Annahme zum Inhalte von B, soweit er fähig ist, als wahr oder falsch beurteilt zu werden, nichts gehören, was nicht auch zum Inhalte von A gehörte. Was also an den Inhalten von A und B als wahr oder falsch beurteilbar ist stimmt überein, und dies kommt für die Logik allein in Betracht, und das nenne ich den von A ebenso wie von B ausgedrückten Gedanken.
Hardly an easy criterion to apply or even to understand! Again the criterion is given in terms of passages from an ascription (Annahme) of truth to one content to the ascription of truth to another, and vice versa. The danger with this type of criterion is that perhaps it will yield nothing more strict than the truth or logical truth of the material equivalence between the two propositions in question. All the extra paraphernalia concerning no logically evident meaning-determining parts, and so on, are superimposed to take this worry into account. Furthermore, it should be remarked that all the criteria considered, or, perhaps better, all of Frege's attempts at a criterion, are aimed at sentences in oratio recta: the problems of indirect discourse are, indeed, better left out of the discussion at this stage.
Whether it is adequate or not, the criterion from the second letter to Husserl is unsatisfactory, owing simply to its sheer complexity. It does not seem unlikely that Frege shared this feeling, since upon reflection he returned to the matter in the revisions he made to the early parts of the Einleitung in die Logik in his Kurze Übersicht meiner logischen Lehren. 21 The opening passage is amplified and does now contain a simple, straightforward and elegant criterion for the equipollence of sentences, that is, for the identity of propositions:
Zwei Sätze A und B können nun in der Beziehung stehen, dass jeder, der den Inhalt von A als wahr anerkennt, auch den von B ohne weiteres als wahr anerkennen muss, und dass auch umgekehrt jeder, der den Inhalt von B anerkennt, auch den von A unmittelbar anerkennen muss (Äquipollenz), wobei vorausgesetzt wird, dass die Auffassung der Inhalte von A und B keine Schwierigkeiten macht.
So when the meanings of A and B are grasped, the criterion for equipollence is that the inference from the judgement A is true to the judgement B is true is an immediate one, and vice versa. This, I think, is the ultimate formulation of the criterion for which Frege has been grasping throughout his long search. It is, of course, very much cast in the same mould as its predecessors, relying, as it does, on a relation of passage between ascriptions of truth to relevant contents, but the simplicity of the extra condition, namely the immediacy of the inference, is most compelling. The pellucid character of this formulation certainly compares favourably with the earlier efforts and it appears that Frege himself was also not unsatisfied, since he did not return to the issue in later writings.
Using the proof-theoretical semantics the matter can be simplified even further. You explain a proposition (intention, problem) by laying down how a canonical proof-object may be formed. Furthermore, one must explain when two canonical proof-objects are equal proofs of the proposition in question. Given this explanation of what a proposition is, it is now very easy to explain propositional equality:
A and B are equal propositions when every canonical proof-object of A is a canonical proof-object of B, and vice versa (and equal canonical proof-objects of A are equal canonical proof-objects for B, and vice versa).
This means that the immediacy in Frege's criterion can be explained a little bit further; for equal propositions A and B the following rules hold Therefore it can also be inferred from B is true, D is true and E is true, and similarly for the opposite direction. 22 The inference condition applies, whence the propositions are equal. Thus the Begriffsschrift criterion for prepositional equality does seem to force identity onto equivalent propositions, and this is hardly satisfactory.
When we enlarge our judgements to include also the proof-objects, the above reasoning is no longer possible. In fact, assume that the inference condition holds between the judgmental contents A and B. I shall then show that A and B are equal propositions. Naturally from the judgement It should be stressed, though, that Frege clearly intended his criterion to be universally applicable also outside of mathematics. The proof-theoretical semantics has only been provided for the language of mathematics and it is still an open question of how best to extend it to other areas of discourse. In particular, what is the ontological status of (what has to serve as) proof-objects in the case of proof-acts of perception! This, and other equally hard questions, are still in want of a treatment.
In this paper I have only attempted to give one application of the proof-theoretical semantics in order to illuminate a point form the philosophy of logic, namely, the question of identity between propositions. A number of such applications have already been given. The problem of Donkey-sentences was dealt with directly using the type theoretical abstractions in a straightforward way by Martin-Lof, and, with another later treatment, also by myself. 24 Aarne Ranta has made impressive progress in the systematic application of Martin-Lof's type theory to linguistics. 25 A number of philosophical topics has also been dealt with. Martin-Lof has treated of the notions of truth and analytic judgements. 26 Petri Mäenpää has dealt with the method of analysis and synthesis, whereas I have considered some themes from the philosophy of mathematics. 27 Thus, enough seems to have been accomplished in order to render a favourable judgement as to the interest and viability of the proof-theoretical approach to semantics. 2. "Sur la logique intuitionniste," Académie Royale Belgique, Bull. Cl. Sei., V, 16, pp. 957-63, in particular p. 958. English translation:
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A proposition p, for example, 'Euler's constant C is rational' expresses a problem, or better still, a certain expectation (that of finding two integers a and b such that C-a/b) that can be realized or disappointed.
The bracketed Roman numerals in connection with this and the following two quotes' serve to substantiate the points [I}- [IV] below.
